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Abstract

At su�ciently large Reynolds number the turbulent boundary layer along a ¯at plate under zero pressure gradient can be split up

in an inner and outer layer. The classical theory says that a law-of-the-wall holds in the inner layer, and a defect law in the outer

layer. It is shown that four di�erent types of commonly used turbulence models (an algebraic, k±�, k±x and a di�erential Reynolds-

stress model) all reproduce the classical similarity scalings for Reh above about 104. This was veri®ed by numerically solving the

turbulent boundary-layer equations for Reynolds numbers (based on the momentum-loss thickness) in between 300 and 5� 107.

The boundary-layer solution in the outer layer is shown to converge to the similarity solution of a defect-layer equation. All tur-

bulence models considered give a wall function and defect law that is close to Direct Numerical Simulations of Spalart (1988)

and new high-Reynolds-number experiments by Fernholz et al. (1995). An exception is the algebraic model that gives a too thin

boundary layer. Ó 1998 Elsevier Science Inc. All rights reserved.
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Notation

cf wall-shear coe�cient �� sx=�12 qU 2� � 2�us=U�2�
cl constant in the expression for the turbulent viscosity in

the k±� model
C, C0 coe�cients in the logarithmic wall function for the

velocity
C� parameter for the outer layer �� R1

0
f 2 dg � G�

f defect law for the velocity, Eq. (3)
F wall function, Eq. (12)
G Clauser parameter �� R1

0
��U ÿ u�=us�2 d�y=D��

H shape factor �� d�=h�
k turbulent kinetic energy
r defect law for the Reynolds shear stress, Eq. (3)
Ro squared velocity scale in the outer layer
Rex x-based Reynolds number �� Ux=m�
Rex h-based Reynolds number �� Uh=m�
u velocity component in x direction
us wall-shear stress velocity �� �sx=q�1=2�
U free-stream velocity
Uo velocity scale in the outer layer
v velocity component in y direction

x coordinate along the plate
y coordinate normal to the plate

Greek
a coe�cient in the defect-layer equation (6)
a1,a2 coe�cients in the stretching function for the numerical

grid points
c coe�cient in defect-layer equation (6)
d length scale in the outer layer
~d length scale in Coles' defect law, Eqs. (25) and (26)
d� displacement thickness � R1

0
1ÿ u=U� � dy

ÿ �
D Clauser±Rotta length scale for the outer layer

� d�U=us� �
D� parameter in the outer layer, see Eq. (29)
� turbulent dissipation rate
g scaled y coordinate in the outer layer � y=d� �
h momentum-loss thickness �� R1

0
�u=U��1ÿ u=U� dy�

j Von K�arm�an constant
l dynamic viscosity
m kinematic viscosity
mt turbulent viscosity
v coe�cient in defect-layer equation (6)
n � x
P Coles' wake-strength parameter
q density
sw wall-shear stress �� l�ou=oy�w�
x quantity proportional to �/k in the k±x model; also

coe�cient in the defect-layer equation (6); also wake
function, Eq. (25)
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1. Introduction

There still is a debate in the literature on the proper scalings
of the turbulent boundary layer along a plate with or without
streamwise pressure gradient. Knowledge of the scalings is not
only important for a better understanding of the fundamentals
of turbulence, but it can also tell how the experiments for scale
models in the wind tunnel can be extrapolated to the full scale
conditions. In the present study the scalings are derived for the
turbulent boundary layer in a zero pressure gradient, as dicta-
ted by four commonly used turbulence models, namely an al-
gebraic model, k±� model, k±x model and a di�erential
Reynolds-stress model. The scalings are derived from the
straightforward numerical solution of the boundary-layer
equations. Computations are made up to the very large Rey-
nolds number of Rex � 1011 (Reh � 5� 107), which is su�cient
for the similarity scalings to appear.

The classical theory ®nds that the boundary layer can be
split up in an inner layer (wall function), with the velocity
scale us and the length scale m=us, and an outer layer (defect
layer), with the velocity scale us and the length scale
D � d��U=us� (where U denotes the local free-stream veloci-
ty). For large y� the theory predicts the logarithmic shape
of the wall function. Furthermore us=U ! 0 for Reh ! 0.
Recently George et al. (1992) have doubted the correctness
of the classical theory, and instead they propose a power-
law dependence for the wall function and a nonzero constant
for U=us at large Reynolds number. Barenblatt (1993) has
shown, particularly for the fully developed pipe ¯ow, that
the scalings depend on the assumptions made; besides the
classical logarithmic scaling law of the wall also a power-
law expression can be derived.

Tennekes and Lumley (1972) and Wilcox (1993) have de-
rived a defect-layer equation, that describes the similarity solu-
tion in the outer layer. This equation is obtained by
transforming the boundary-layer equations with the help of
the classical outer-layer scalings.

The aims of this paper are to
· Find the proper scalings in the inner and outer layer accord-

ing to commonly used turbulence models.
· Verify whether the solution in the defect-layer as predicted

by the boundary-layer equations is indeed described by
the defect-layer equation proposed by Tennekes and Lum-
ley and by Wilcox.

· Compare the performance of the di�erent turbulence mod-
els in the inner and outer layer at large Reynolds number
with recent Direct Numerical Simulations of Spalart
(1988) and with new experimental data due to Fernholz
et al. (1995).

· Show (by combining turbulence models, DNS, and experi-
ments) that the classical scalings seem to correctly cover
the physics of a turbulent boundary layer under zero
streamwise pressure gradient.

It is emphasized that the present study cannot prove that the
classical scalings are correct, because turbulence models are
based on underlying assumptions. This study provides a con-
sistent way to derive the scalings for a given turbulence model.

If future studies will support that the classical scalings need
modi®cation (e.g. according to the theory of George et al. or
Barenblatt) the same approach can be followed to update the
turbulent models such that the modi®ed scalings are repro-
duced.

2. Boundary-layer equations

In this section a short overview is given of existing know-
ledge on the scalings of the turbulent boundary layer along a
¯at plate.

For the incompressible boundary layer along a plate with
zero streamwise pressure gradient, the Reynolds-averaged Na-
vier±Stokes equations can be simpli®ed to the turbulent boun-
dary-layer equations:

ou
ox
� ov

oy
� 0; �1�

u
ou
ox
� v

ou
oy
� m

o2u
oy2
ÿ o

oy
u0v0: �2�

The boundary layer can be split up in an outer layer and an
inner layer, as described below. Both layers are de®ned by their
own speci®c scalings, which appear for increasingly large local
Reynolds number. Mainly based on physical arguments, the
classical scalings for the turbulent boundary layer in a zero
pressure gradient were derived by di�erent scientists, including
Von KaÂrmaÂn (1930), Millikan (1938), Rotta (1950), Clauser
(1954), and Coles (1956).

A similarity solution exists in the outer layer, if the velocity
and turbulence pro®les can be scaled with a single velocity
scale Uo and length scale d in such a way that the scaled solu-
tion becomes independent of the x coordinate, i.e.

U ÿ u
Uo

� f
y
d

� �
and

ÿu0v0

Ro

� r
y
d

� �
; �3�

Ro will turn out to be proportional to U 2
o . Under the assump-

tion that molecular di�usion can be neglected in the outer lay-
er, transformation of Eq. (2) with n� x and g� y/d gives

ÿ U
Uo

d
Uo

dUo

dn

� �
f � d

Uo

dUo

dn

� �
f 2 � U

Uo

dd
dn

� �
gf 0

� ÿ dd
dn
ÿ d

Uo

dUo

dn

� �
f 0
Zg

0

f dg � Ro

U 2
o

r0; �4�

where a prime denotes di�erentiation to g. For complete sim-
ilarity of this equation, all contributions in the terms between
brackets must be proportional to each other. As a consequence
Uo / U , which does not agree with the classical theory of the
law-of-the-wake theory where Uo / us. As shown by Town-
send (1976) and by George et al. (1992), if also the equations
for the turbulence admit complete similarity, it follows that
Uo / us / U , and that d / d� / h / xÿ x0 (here x0 is a virtual
origin). Furthermore the velocity in the inertial sublayer (i.e.
the overlapping region between the inner and the outer layer)
will then show a power-law dependence on the wall coordinate.
George et al. expect that these properties will indeed show up
for su�ciently large Reynolds numbers, i.e. for Reh above 105

(with Reh � Uh=m, and h is the momentum-loss thickness). An
argument against the proposal by Townsend and George et al.
is that the restriction that all terms between brackets must be
proportional to each other is too strong; the vanishing of terms
between brackets for increasing Reynolds numbers is also con-
sistent. This latter restriction enables the classical scalings to
de®ne a similarity solution.

Superscripts
+ quantity in wall units, i.e. scaled with the velocity us

and length m=us
0 turbulent ¯uctuation

Subscripts
o quantity in the outer layer
w quantity at the wall
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Indeed experiments, which only exist for Reynolds numbers
up to about Reh � 105, seem to support that the classical the-
ory is valid; an overview is given be Dussauge et al. (1996). The
classical scalings are

Uo � us; d � d�
U
us
; Ro � u2

s : �5�
Substituting these scalings into Eq. (4) gives the following de-
fect-layer equation,

ÿ 2xf � cf 2 � �aÿ 2x�gf 0 ÿ vf 0
Zg

0

f dg � r0; �6�

with

a � U
us

� �2
dd�

dn
; x � 1

2

d�

us

U
us

� �2
dus

dn
;

c � U
us

d�

us

dus

dn
; v � U

us

dd�

dn
: �7�

As shown by Wilcox (1993), an additional expression for a
can be derived by considering the integral momentum equation

dh
dx
� cf

2
; �8�

where the wall-shear stress coe�cient is de®ned as
cf � sw=�12 qU 2� � 2 Us=U� �2 (and sw � l ou=@y� �w). Using
Eq. (7), relation (8) can also be written as

a
dh
dx
� dd�

dx
: �9�

To ®nd the limiting value for the shape factor H�� d�=h� for
increasing Reynolds number, we ®rst substitute the scalings
(5) in the common de®nitions for d� and h. The de®nition of
d� leads to the integral restrictionZ1

0

f dg � 1: �10�

The de®nition of h leads to

1

H
� h

d�
� 1ÿ C�

us

U
with C� �

Z1
0

f 2 dg: �11�

As us=U ! 0 for Rex !1, this relation shows that H ! 1 for
very large Reynolds numbers. Substituting H� 1 in Eq. (9)
gives a� 1.

Approaching the wall, the similarity solution in the outer
layer must match with the wall function in the inner layer. Un-
der the assumption that convection can be neglected close to
the wall, the boundary-layer equations give the well-known
wall function for the velocity,

u� � F �y��; �12�
where the + superscript is used to denote that the quantities are
non-dimensionalized with inner-layer scalings (i.e. the velocity
scale us and the length scale m=us). The equations in the inner
layer also give for the Reynolds-shear stress:

lim
y�!1

ÿu0v0
� � 1: �13�

Using the theory of matchedasymptotic expansions, Millikan
(1938) has proposed that an overlapping region, i.e. the inertial
sublayer, can exist in between the outer layer (for g! 0) and
the inner layer (for y� ! 1), where both the defect law and
the law-of-the-wall hold. This gives

lim
y�!1

u� � F �y�� � 1

j
ln�y�� � C �14�

and

lim
g!0

U ÿ u
us
� f �g� � ÿ 1

j
ln�g� � C0: �15�

The last term gives a boundary condition for the defect-layer
equation at g! 0.

To ®nd the wall-shear stress law, u can be eliminated from
Eqs. (14) and (15), which gives

cf � 2
us

U

� �2

� 2

C � C0 � �1=j� ln Red�� �2 ; �16�

with Red� � Ud�=m.
Substitution of Eq. (16) into Eq. (7), and applying Eqs. (9)

and (11) gives the following asymptotic expressions for the co-
e�cients in Eq. (6),

1

a
� 1

H
� 1ÿ C�

us

U
; x � ÿ 1

2j
us

U
;

c � ÿ 1

j
us

U

� �2

; v � us

U
: �17�

Because us=U ! 0 for Reh !1 (see Eq. (16)), substitution
of the asymptotic values of the coe�cients (17) into (16) gives
the defect-layer equation:

gf 0 � r0; �18�
with boundary conditions

f ! ÿ 1

j
ln g� C0 for g! 0;

f ! 0 for g!1;
and the integral restriction

R1
0

f dg � 1.

2.1. Turbulence models

To solve the equations, a turbulence model is needed to rep-
resent the Reynolds shear stress, i.e. u0v0 in the boundary-layer
Eq. (2), or r in the defect-layer equation (18). The following
four turbulence models were considered.
· Algebraic model of Cebeci and Smith (1974).
· Two-equation low-Reynolds-number k±� model of Launder

and Sharma (1974).
· Two-equation low-Reynolds-number k±x model of Wilcox

(1993).
· Di�erential Reynolds-stress model of HanjalicÂ et al. (1995)

(see also JakirlicÂ et al., 1994).
For the precise formulation of the di�erent models the read-

er is referred to the originals papers, or to Henkes (1997). The
algebraic model and the two-equation models approximate the
turbulence through a turbulent viscosity, which is de®ned as

ÿu0v0 � mt
ou
oy
: �19�

The algebraic model couples mt to the velocity via an algebraic
relation; the k±� model solves di�erential equations for the tur-
bulent kinetic energy k and the turbulent dissipation rate �, as
appearing in mt � clk2=� (with cl is a constant); the k±x model
solves di�erential equations for k and x (/ �=k), as appearing
in mt � a�k=x (where a� is a dimensionless function); and the
Di�erential Reynolds-Stress Model (DRSM) solves a di�eren-
tial equation for the Reynolds shear stress u0v0 itself (and for
the three Reynolds normal stresses), as well as a di�erential
equation for �.

All these four models have in common that the logarithmic
part of the wall-function for the velocity is already captured in
the model, i.e. the turbulence model is such that (14) is the so-
lution of the boundary-layer equations for large y�. This can
be checked by neglecting the convection in the di�erential
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equations for the turbulence model and taking the limit
y� ! 1. This gives for the inertial sublayer:

u� � 1

j
ln y� � C; k� � 1

c1=2
l

;

�� � 1

jy�
; m�t � jy�; ÿu0v0

� � 1: �20�

2.2. Numerical treatment

In order to ®nd numerical solutions, the boundary-layer
equations (1) and (2), with the speci®c turbulence models,
are discretized with a second-order accurate ®nite-di�erence
scheme on a Cartesian grid. The numerical code has been de-
veloped in-house, and more details are given by Henkes (1990).
The calculation was started at Reh � 300, by prescribing the
pro®les obtained from Direct Numerical Simulations (DNS)
by Spalart (1988) as initial solution. The computations were
extended in streamwise direction up to about Reh � 5� 107

(which is equivalent to Rex � 1011).
As the boundary layer is growing for increasing Reynolds

number, whereas the inner layer becomes thinner compared
to the boundary layer thickness, at several x stations the outer
edge of the computational domain was increased and the y grid
points were redistributed. To achieve that su�cient grid points
are positioned in the inner layer very close to the wall a very
e�cient stretching function was used, reading

yj

yj max

� 1� tanh�a1�j=j maxÿ1�=2�
tanh�a1=2� ;

j � 0; 1; . . . ; j max; �21�
where j max is the maximum number of grid point across the
boundary-layer thickness. The coe�cient a1 is derived from the
expression a2 � a1= sinh�a1�, in which a2 is chosen close to ze-
ro; the smaller a2, the stronger the relative grid re®nement
along the wall. The chosen outer edge of the boundary layer
was checked to be su�ciently large to have a negligible e�ect
on the solution. A typical calculation was split up in four parts
in x-direction, and each part was computed with 2000� 200
grid points. Doubling the number of grid points in both direc-
tions was applied to check that the results are numerically ac-
curate. Therefore all results presented in this paper were
veri®ed to have a very small numerical error, both in the inner
layer and the outer layer, even at the highest Reynolds num-
bers presented.

Also the defect-layer equation (18), including correspond-
ing equations for the turbulence model, was numerically
solved. The derivatives were discretized with ®nite di�erences.
200 grid points were used in g direction, which was checked to
be su�cient by doubling the number of grid points.

2.3. Characteristic parameters

A characteristic integral thickness for the boundary layer is

D �
Z1

0

U ÿ u
us

dy: �22�

Dussauge et al. (1996) refer to this quantity as the Clauser±
Rotta thickness. It equals the proper length scale of the outer
layer, i.e.

d � D � d�U
us

: �23�

A parameter that can be used to monitor whether similarity in
the outer layer has been established is the so-called Clauser
parameter, which is de®ned as

G �
Z1

0

U ÿ u
us

� �2

d
y
D

� �
� 1ÿ 1=H

�cf =2�1=2
: �24�

Comparison with Eq. (11) shows that G � C�.
Coles (1956) has proposed to write the velocity in the outer

layer as

u
us
� 1

j
ln�y�� � C �P

j
x

y
~d

� �
: �25�

In fact this is the logarithmic wall function plus a correction
term. On grounds of experiments Coles found that the func-
tion x is a universal function, independent of the streamwise
pressure gradient, but P can depend on x. The function x is
also referred to as the wake function, and it de®nes the law-
of-the-wake. For small y=~d the logarithmic wall function
should be retained, which de®nes the boundary condition
x�0� � 0. Coles has de®ned ~d by

R ~d
0

x�y=~d� � 1; at the outer
edge y � ~d the arbitrary boundary condition x(1)� 2 is taken
(another choice only changes the level of P). Using u�U at
y � ~d, Coles could rewrite Eq. (25) as the defect law

U ÿ u
us
� ÿ 1

j
ln

y
~d

� �
�P

j
2ÿ x

y
~d

� �� �
: �26�

Using the de®nition of d�, under the assumption that Eq. (25)
holds for whole the boundary layer thickness, gives

~d
D
� j

P� 1
: �27�

This shows that P is constant for the zero pressure gradient
boundary layer, if indeed D is the proper length scale in the
outer layer. For small y=~d, the defect law (26) must approach
the logarithmic shape (15). This gives

C0 � 1

j
ln

j
P� 1

� �
� 2P

� �
: �28�

3. Convergence to the similarity scalings

The boundary-layer equations were solved for the turbu-
lence models, using Spalart's DNS at Reh � 300 as a starting
condition. The in¯uence of the initial pro®le is restricted to
about Reh � 1000; this was checked by increasing and decreas-
ing the turbulence velocity and length scales in the initial pro-
®le at Reh � 300 by a factor 5. Independent of the initial
conditions, all tested models turn out to converge to the clas-
sical similarity scalings, in the inner and outer layer, for in-
creasing Reynolds number.

Fig. 1 shows the streamwise velocity and the turbulence
quantities in the inner layer for di�erent Reh values, as ob-
tained with the di�erential Reynolds-stress model. Also two
relatively low Reynolds numbers are included, namely
Reh � 670 and 1410, for which DNS exist as well. At these
low values the logarithmic part of the wall function is still
small, but it is extended to the range in between y� � 100
and 107 for Reh � 5:4� 107. The values ÿu0v0

� � 1 and
k� � 1=c1=2

l in the inertial sublayer (see Eq. (20)) are ®rst
reached for Reh slightly above 104. It is remarkable that the
wall function for the turbulent dissipation rate is established
very quickly; even for Reynolds numbers below 1000 the iner-
tial sublayer already gives � � 1=jy�.

To monitor the convergence to the similarity scalings in the
outer layer, Fig. 2 shows di�erent characteristic quantities (ob-
tained for the k±� model, but the other models show almost the
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same convergence behaviour): Coles' wake-strength parameter
P, Clauser's wake parameter G, and the scaled maximum tur-
bulent viscosity mt max=Ud�. The Clauser parameter gives the
slowest convergence to its ®nal constant value. All parameters
are almost converged at Reh � 104, which is in fair agreement
with the evaluation of experiments by Dussauge et al. (1996),
showing that similarity is obtained at about Reh � 5000. The
convergence to the similarity pro®le in the outer layer for the
velocity and turbulence quantities is shown in Fig. 3, as ob-
tained for the di�erential Reynolds-stress model for increasing
Reynolds number. The pro®les coincide, up to graphical accu-
racy, for Reh � 104 and larger. For the velocity and the turbu-
lent dissipation rate, even the pro®les for Reh � 670 and 1410
are already close to their similarity shape.

Table 1 gives some numerical values for di�erent quantities
in the inner and outer layer, as obtained with the k±� model up
to Rex � 1011. The turbulence quantities in the inner layer

�u0v0max; k�max� and in the outer layer �mt;max=Ud�� have reached
their asymptotic values up to at least 3 or 4 signi®cant digits.
The table also shows that the boundary layer thickness d95 (de-
®ned as the y position where the streamwise velocity is 95% of
its free-stream value), which is often used to present velocity
pro®les, is not a proper length scale: d95=D shows an, albeit
small, decay for increasing Reynolds number.

Furthermore the table shows that the wall-shear stress coef-
®cient cf (which equals 2 us=U� �2), converges to zero for in-
creasing Reynolds number. The shape factor H slowly
decreases to 1. Even at the largest considered Reynolds num-
ber (Rex � 1011), however, the shape factor is 1.145, which is
still signi®cantly above its asymptotic value. Fig. 4 compares
the wall-shear stress coe�cient and the shape factor according
to the di�erent turbulence models with experimental data. All
models closely agree with the experiments, except for the alge-
braic model which slightly overpredicts the shape factor. In the
®gure showing the wall-shear stress also the semi-empirical
curve due to Fernholz (1971) and Fernholz and Finley
(1996) is shown as a solid line. The curve is based on
Eq. (16); Red� is replaced by Reh (approximating H by 1),
and the constants are taken as �C � C0� � 5:05 and j� 0.4.

We have examined how the coe�cients a, x, c and v, as
computed with the boundary-layer equations using the Laun-
der and Sharma k±� model, behave for large Reynolds num-
bers: the leading-order term (being an integer power of
us=U ) in the deviation from the limiting values agrees with
the series expansion (17). We also checked that the pro®les
for the velocity and turbulence quantities as obtained from
the defect-layer equation (being of course independent of the
Reynolds number) are indeed very close to the pro®les ob-
tained from the boundary-layer equations at Rex � 1011. This
all proves that the solution of the turbulent boundary-layer
equations for a ¯at plate under zero pressure gradient at large
Reynolds number is equal to the similarity solution described
by the defect-layer equation (18).

Fig. 1. Appearance of the law-of-the-wall for increasing Reynolds number according to the di�erential Reynolds-stress model; (a) velocity, (b)

Reynolds shear stress, (c) turbulent kinetic energy, (d) turbulent dissipation rate. Reh is 670 (±á±), 1410 (± ±), 104, 1:2� 105, 8:8� 105, 6:8� 106

and 5:4� 107.

Fig. 2. Convergence to the similarity state of di�erent characteristic

parameters (k±� model); ±±± P; ± ± ± 10� mt;max=Ud�; ±á± 1
10
� G.

342 R.A.W.M. Henkes / Int. J. Heat and Fluid Flow 19 (1998) 338±347



4. Comparison with experiments and DNS

In this section the similarity solutions in the inner layer and
outer layer according to the di�erent turbulence models will be
compared with each other. The solutions are also compared
with DNS and experiments, available in the literature.

Fig. 5 compares the velocity and turbulent kinetic energy in
the inner layer (a and b) and the outer layer (c and d), as com-
puted at about Reh � 5� 107 with the algebraic model, the k±�
model, the k±x model, and the di�erential Reynolds-stress
model, respectively. The Reynolds number is so large that
the curves almost coincide with the similarity solution. All
models reproduce almost the same logarithmic wall function,
which is very close to the generally accepted best ®t to the ex-
periments (denoted as a dashed line): u� � �1=j� ln y� � C,
with j� 0.41, C� 5. For the velocity in the outer layer the so-
lutions of all models almost coincide, except for the algebraic
model, which predicts a too thin boundary layer. Considerable
di�erences between the models are found for the turbulent ki-
netic energy in the viscous sublayer and the bu�er layer, where-
as there is close agreement in the inertial sublayer and in the
outer layer. Most remarkable is the occurrence of a peak in
the turbulent kinetic energy in the bu�er layer, for the k±x
model and the di�erential Reynolds-stress model, which is
absent for the Launder and Sharma k±� model.

Fig. 6(a) compares the wall function in the inner layer for
the turbulent kinetic energy according to the di�erential Rey-
nolds-stress model with DNS at Reh � 670 and 1410. Also
the DNS show a peak for the kinetic energy in the bu�er layer,
which is even larger than predicted by the DRSM. It is noted
that the Reynolds number in the DNS is still too small for the
expected constant level of the kinetic energy in the inertial sub-
layer to have appeared; the law-of-the-wall has only been
established up to about y� � 100, because the DNS for
Reh � 670 and 1410 coincide up to here. As shown in
Fig. 6(b), a peak is also found for both the DRSM, DNS
and experiments in the bu�er layer for the Reynolds normal
stress u0u0. For this quantity as well, the peak in the DRSM
is somewhat below the peak in the DNS and the experiments.
It is remarkable that the experiments of Fernholz et al. (1995)
in Fig. 6(b) reveal the formation of a second peak in the
inertial sublayer for increasing Reynolds number. The forma-
tion of the second peak is also found in the experiments for the
Reynolds normal stresses v0v0 and w0w0, and consequently also
for the turbulent kinetic energy. None of the turbulence
models predicts the second peak (in the kinetic energy or the
Reynolds normal stresses), but instead they predict a constant
level in the inertial sublayer. Nondimensionalization of the
experimental value of the second-peak with the velocity scale
us does not lead to a Reynolds-number independent quantity.

Table 1

Asymptotic behaviour of the Launder and Sharma k±� model

Rex Reh cf H d95=D ÿu0v0max=u2
s kmax=u2

s mt;max=Ud�

1:88� 106 1410 0.00360 1.433 0.196 0.922 3.313 0.0223

107 1:27� 104 0.00248 1.282 0.199 0.976 3.348 0.0246

108 1:03� 105 0.00182 1.223 0.190 0.992 3.352 0.0249

109 7:88� 105 0.00140 1.189 0.180 0.997 3.352 0.0249

1010 6:16� 106 0.00111 1.164 0.169 0.999 3.352 0.0248

1011 4:93� 107 0.00090 1.145 0.159 1.000 3.352 0.0248

Fig. 3. Appearance of the defect law for increasing Reynolds number according to the di�erential Reynolds-stress model; (a) velocity, (b) Reynolds

shear stress, (c) turbulent kinetic energy, (d) turbulent dissipation rate. Reh is 670 (±á±), 1410 (± ±), 104, 1:2� 105, 8:8� 105, 6:8� 106 and 5:4� 107.
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This shows that the second peak does neither follow the inner-
layer scalings, nor the outer-layer scalings. More attention
should be paid in future studies (experiments, DNS, turbulence
modelling) to the existence and origin of the second peak.

Fig. 7 compares the outer layer according to the di�erential
Reynolds-stress model with DNS and experiments of Fernholz
et al. (1995). There is very good agreement for the streamwise
velocity pro®le (Fig. 7(a)). Also the agreement for the Reynolds
shear stress (Fig. 7(b)) is quite good, although the thickness of
the boundary layer in the experiments is slightly smaller than
in the DNS, whereas the DRSM gives a thickness just in be-
tween the experiments and the DNS. The agreement for the tur-
bulent kinetic energy (Fig. 7(c)) and the Reynolds normal stress
u0u0 (Fig. 7(d)) is only good for y=D above about 0.05. For smal-
ler y=D values the experiments show the second-peak (which
seems to scale with the length scale D, but not with the velocity
scale us), whereas the DNS shows the ®rst peak. The ®rst peak in
the DNS is in fact part of the inner layer, but it is visible in the
®gure because of the relatively low Reynolds number. The pre-
diction with the DRSM for the Reynolds normal stress v0v0
(Fig. 7(e)) is slightly below the experiments and the DNS,
whereas the agreement for w0w0 is good for the whole outer layer.

Table 2 compares the numerical values of di�erent quanti-
ties in the inner and outer layer as obtained at large Reynolds
numbers from experiments and turbulence models. Also in-
cluded are DNS values at somewhat lower Reynolds numbers.
There is close agreement for the constants j and C in the log-
arithmic wall function for the velocity. In the outer layer there
is good agreement for the Clauser parameter G and for the
scaled maximum turbulent viscosity, mt;max=Ud�. With respect
to the latter quantity, only the Cebeci and Smith model ®nds
a value that is about 35% below the DNS and the prediction
of the other turbulence models. Di�erences are largest for
the wake-strength parameter P and for the parameter D�, as
introduced by Coles (1956). The latter parameter is de®ned
as the maximum di�erence between the defect law and the log-

Fig. 4. Wall-shear stress coe�cient (a) and shape factor (b) for increas-

ing Reynolds number; models: �±� algebraic; M±M k±�; �±� k±x; h±h

DRSM. DNS: * Spalart (1988). Experiments: Winter and Gaudet

(1973); d Fernholz et al. (1995).

Fig. 5. Comparison between turbulence models at Reh � 5:4� 107; (a) velocity in inner layer (dashed line is u� � �1=j� ln y� � C, with experimental

values k� 0.41, C� 5); (b) kinetic energy in inner layer; (c) velocity in outer layer; (d) kinetic energy in outer layer; models: �±� algebraic; M±M k±�;

�±� k±x; h±h DRSM.
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arithmic wall function for the scaled velocity u=Us. Combining
Coles' expression for the defect law (25) at y � ~d with the wall
function (14) gives

D� � 2P
j
: �29�

This relation is not exactly satis®ed in Table 2, because we de-
termined P from Eq. (25) (setting y � ~d), after elimination of ~d
by using the approximating equation (27). This procedure also
proves that P, and consequently D�, are very sensitive to chan-

ges in the wall shear stress; in fact a change in us=U leads to a
change in P that has been ampli®ed with the large factor

U
us

� �2
1

j
1

P� 1
ÿ 2

j

� ��
:

This shows that P is not a very good parameter to indicate the
state of the boundary layer. In this respect G is a much more
robust indicator.

5. Conclusions

Numerically accurate solutions were obtained for the
turbulent boundary-layer equations, describing the incom-
pressible boundary layer along a plate under zero pressure gra-
dient. Monitoring characteristic quantities (such as the Clauser
parameter G) shows that the large-Reynolds-number state is
established at about Reh � 104, which is in good agreement
with the value of 5000 reported in experiments.

All four tested models (an algebraic, k±�, k±x, and a di�er-
ential Reynolds stress model) reproduce the classical similarity
scalings, that are the velocity scale us and the length scale m=us

in the inner layer (which de®nes the law-of-the-wall) and the
velocity scale us and the length scale d�U=us in the outer layer
(which de®nes the defect law). The solution of the boundary-
layer equations in the outer layer converges to the solution
of the defect-layer equation proposed by Tennekes and Lum-
ley (1972) and by Wilcox (1993). This was shown by numeri-
cally solving this defect-layer equation as well, and by
monitoring the large-Reynolds-number behaviour of the coef-
®cients appearing in the boundary layer equations, after trans-
formation into outer-layer coordinates.

All the turbulence models give practically the same loga-
rithmic wall function for the velocity in the inner layer, which
is not surprising as some of the constants in the models were
originally tuned to reproduce this pro®le. Di�erences between
the models do occur, however, for the turbulence quantities in
the inner layer, such as for the maximum of the turbulent ki-
netic energy in the bu�er layer. The constants in the models
were not explicitly tuned to reproduce the defect law in the
outer layer, which thus is an important feature for their valida-
tion. The models give almost the same pro®le for the velocity
and the turbulence in the outer layer, except for the algebraic
model, which gives a too small boundary-layer thickness.

The derived similarity scalings and pro®les were compared
with Direct Numerical Simulations obtained by Spalart (1988)
and with experiments, including the new data obtained by
Fernholz et al. (1995). All considered turbulence models,
except for the algebraic model, give good agreement. One
point of di�erence is the second maximum in the turbulent
kinetic energy, that is found to develop in the experiments
for increasing Reynolds number. None of the models predicts

Fig. 6. Comparison of the di�erential Reynolds-stress model with ex-

periments and Direct Numerical Simulations in the inner layer; (a) tur-

bulent kinetic energy, (b) Reynolds normal stress u0u0; ±±± DRSM at

Reh � 5:4� 107; experiments by Fernholz et al. (1995):

� Reh � 7140, M Reh � 20920, � Reh � 57720; DNS by Spalart

(1988): ±á± Reh � 670; - - - Reh � 1410.

Table 2

Some quantities at large Reynolds number

Model j C P D� G mt;max=Ud�

Experiments � 0.41 � 5.0 0.4±0.6 2±2.5 � 6.5 ±

DNS Reh � 670 � 0.38 � 4.3 0.25 � 1.2 6.6 0.0257

DNS Reh � 1410 � 0.40 � 4.7 0.24 � 1.4 6.5 0.0258

Algebraic model 0.415 5.3 0.67 3.6 7.3 0.0169

k±� model 0.431 6.4 0.52 2.3 6.0 0.0248

k±x model 0.406 5.3 0.32 1.8 6.0 0.0264

DRSM 0.422 5.4 0.44 2.0 6.1 0.0252
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this feature. More attention should be paid to this second max-
imum in future studies.
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